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Abstract
The stationary single vortex Marangoni convection in an axially symmetrical sessile drop of capillary size
is considered. The detailed description of the fluid flows is presented for a wide range of contact angles,
which takes into account the boundary conditions and the mass balance equation, without explicitly solving
the Navier–Stokes equations. The analytical approach developed is compared with the results of numerical
simulations and demonstrated to describe reasonably well the single-vortex Marangoni flows. This indicates
the substantial role of the boundary conditions in the problem.
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1. Introduction
The evaporation of a liquid droplet was studied since Maxwell time [1, 2, 3], and has attracted much
attention over the last decade and a half in view of its role in various engineering applications, the advent
of nanotechnology and progress in understanding of the evaporation process. In particular, the structure of
the fluid flow produced by surface-tension-driven (Marangoni) instability inside an evaporating droplet has
been intensively studied (see, for example, [4, 5] and references therein).
While numerical calculations of Marangoni convection agree well with corresponding experimental data [6,
7, 8], existing analytical studies of capillary flows in droplets are either limited to the case of small contact
angles (see Sec. 2) or disregard Marangoni stresses at the droplet free surface [9, 10, 11]. Under the former
conditions the problem is known to simplify and to be treated usually within the lubrication approximation.
However, even in this case the analytical analysis of the Marangoni convection has been restricted up to now
by its combination with a numerical fitting of the temperature distribution over a free droplet surface, which
plays a key role as a source of the Marangoni effect. The latter approach can be valid when the Marangoni
forces are suppressed due to effects of surface surfactants or for other reasons. However, generally, both the
evaporative capillary flows and buoyancy-driven convection are much weaker than the Marangoni fluid flow
for a droplet of capillary size [14, 13, 12], and the consideration of surface tension gradients is necessary.
The primary purpose of this work is to study in detail the structure of Marangoni convection in evaporating
droplets with pinned contact line, with an emphasis on the effects of the boundary conditions and the mass
balance equations. It is demonstrated that the fluid flows can be obtained analytically for a wide range of
contact angles, when the existing model of the droplet evaporation, known mainly from numerical studies,
is formulated in a simplified manner.
In order to calculate the fluid dynamics in an evaporating sessile droplet, one has to solve numerically
the coupled system of equations which contains the nonstationary vapor diffusion equation, the thermal
conduction equation, the Navier–Stokes equations and to recalculate the droplet shape at each step due to
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Figure 1: The droplet and its element in the rz- and in the nτ -coordinate system correspondingly.
dr0 R
z=h(r,t)
f R/sinq
dt
Rcotq
r
a) b)
the evaporative mass loss for the respective time interval [12]. The self-consistent solution should take into
account an inhomogeneous evaporating flux density in the boundary conditions for the thermal conduction
equation, since it is related to the heat transfer and hence to the temperature gradient at the droplet surface.
The variation of temperature over the droplet surface affects the boundary conditions for the fluid dynamics,
since the surface tension depends on temperature. In addition, the velocity field can influence the thermal
conduction as a result of the effects of heat convection.
The calculations can be considerably simplified under the following conditions:
a) The capillary number Ca = ηu/σ and the Bond number Bo = ρgh0R/(2σ sin θ) are much smaller than
unity (see the notations in Table 1). In this case, the sessile drop shape h(r, t) can be approximated
with high accuracy by the spherical cap approximation (see Fig. 1b)
h(r, t) =
R(cosφ(r, t) − cos θ(t))
sin θ(t)
; φ(r, t) = arcsin
(
r sin θ(t)
R
)
. (1)
Here θ is the droplet contact angle, u is the characteristic velocity and h0 = h(0, t) is the droplet
height. The condition Ca ≪ 1 signifies that the viscous forces, which generally enter the boundary
condition for the pressure, are much smaller than capillary forces, and the hydrostatic Young–Laplace
equation can be used in order to determine the droplet shape. Under the condition Bo≪ 1, influence
of gravitational forces on the droplet shape is also small (see, for example, [12]).
b) The inverse Stanton number St−1 = uR/κ is much smaller than unity. In this case the rate of the
convective heat transfer is much smaller than conductive heat transfer, and, hence, the velocity field
does not influence the thermal conduction (see, for example, [13]).
c) The transient time for heat transfer theat = Rh0/κ, transient time for momentum transfer tmom =
ρRh0/η and transient time for vapor phase mass transfer tmass = ρvap/ρf · tf should be much smaller
than the total drying time tf ≈ 0.2ρRh0/(Dus). This permits to describe the quasistationary stage
of the evaporation process disregarding the time derivatives in the heat conduction equation, Navier–
Stokes equation and the diffusion equation.
d) The dimensionless number ρgh2β/(7σ′), where β is thermal expansion coefficient, is much smaller than
unity. In this case buoyancy-induced convection is much weaker than Marangoni flow [24].
The laminar character of the flow should be also assumed. A turbulent regime arises in the droplet
only for very large values of Marangoni and Reynolds numbers [25]. Therefore, the laminar character of the
flow does not imply that the Reynolds number Re = ρuR/η is much smaller than unity. The condition b)
specified above assumes that Re · ν/κ = St−1 is small. Since Prandtl number is greater than one for the
majority of liquids, it follows from the condition that the Reynolds number is also assumed to be small.
Nevertheless, most of the relations derived in the present paper are not directly connected to the calculation
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of the temperature distribution, and, therefore, are potentially applicable to the case of larger Reynolds
numbers.
It is natural to start from the vapor diffusion equation, which can be solved independently from the
other equations. We focus on so-called lens model of evaporation, which is consistent with the liquid–
vapor interface at equilibrium and the evaporation limited by the diffusion of vapour into the surrounding
gas. While other evaporative regimes are known in which the evaporation rate is controlled not by vapor
diffusion but by phase change/kinetics processes at the interface (see, e.g., [26]), it is known that the
diffusion-limited evaporation model agrees well with experimental data for moderately volatile droplets
of capillary size with pinned contact line at atmospheric pressure of air and ambient temperature (see
detailed discussions in, e.g., [5, 12, 16, 26, 30, 34]). In particular, an evaporation of a droplet deposited
onto a heated substrate, where the atmospheric convective transport should be taken into account together
with the diffusive model [27, 28, 29], is beyond the scope of the present paper. The analytical solution
to the stationary vapor diffusion equation with appropriate boundary conditions gives the inhomogeneous
evaporation flux from the surface of the evaporating droplet of a spherical shape [15]
Js(r) =
Dus
R
(
sin θ
2
+
√
2(x(r) + cos θ)3/2
∫
∞
0
cosh(θτ)
cosh(piτ)
τ tanh((pi − θ)τ)P−1/2+iτ (x(r))dτ
)
, (2)
where x(r) =
(
r2 cos θ/R2 +
√
1− r2 sin2 θ/R2
)
/(1− r2/R2) and P−1/2+iτ (x) is the Legendre polynomial.
It was shown in [15] that (2) can be approximated with high accuracy as
Js(r) = J0(θ)(1 − r2/R2)−λ(θ), (3)
where λ(θ) = 1/2− θ/pi and explicit expressions for J0(θ) can be found in [16].
Under the condition b) specified above, the heat conduction equation inside the droplet can be solved
independently, provided that the evaporation flux, which is connected to the temperature gradient at the
droplet surface through the boundary condition ∂T/∂n = −LJs(r)/k, is determined by (2). We obtain
numerically the surface temperature distribution of the drop under the time independent conditions, which
is justified by the quasistationarity of the evaporation process (see the condition c) above). We use a
fitting procedure for a surface temperature which will be explained in more detail in Sec. 4. The following
relation fits the obtained quasistationary temperature at the droplet surface with high accuracy, where the
parameters a, b, c and ∆T were placed in Table 2:
T
∆T
= a
( r
R
)b
+ (1− a)
( r
R
)2
+ c. (4)
Here ∆T is the temperature difference between the apex of the droplet and the substrate. The droplet and
fluid properties in Table 1 were used during the numerical simulation.
For small contact angles the surface temperature distribution will be obtained analytically in Sec.2. This
allows completely analytical description of the Marangoni convection in the lubrication approximation for
an evaporating droplet, as distinct from the previous considerations in [14, 13].
The next step is the calculation of the fluid velocities in the droplet, where the obtained profile of the
surface temperature enters the boundary condition at the droplet surface through the corresponding surface
tension. It was found in [15, 14, 13] that this problem allows an approximate analytical description at least
for the case of droplets with relatively small contact angles (see Sec. 2). The derivation of the analytical
description of the fluid flow employs only the boundary conditions and the mass balance equations, without
explicitly solving the Navier–Stokes equations.
For the analysis and interpretation of simulation results it is quite desirable to have a simplified descrip-
tion of the phenomenon, which nevertheless would be in a good agreement with the numerical data. In this
paper we will generalize the existing analytical descriptions and will compare in detail the analytical and the
numerical results for various droplets. We will describe how to accurately deal with the boundary conditions
for this problem and how to obtain a number of additional conditions from the mass balance equations. We
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will find that a reasonable description of the fluid flows in a wide range of contact angles can be obtained
taking into account the boundary conditions and the mass balance equations, without explicitly solving the
Navier–Stokes equations. Instead of solving the Navier–Stokes equation, which is not known to have an an-
alytical solution for such problem, we will use an appropriate approximation. The conditions a) – d) above
are generally valid for a capillary size liquid drop, except that strong Marangoni flows in relatively large
volatile droplets may transport heat rapidly enough that the convective heat transfer may not be negligible.
The results are applicable when convective heat transfer is negligible, i.e. when St−1 = uR/κ≪ 1. Also, we
focus on pinned contact line configuration and we only consider θ < 90◦. A moving contact line or contact
angles larger than 90◦ could lead to additional issues not being considered in the present work.
Sec. 2 represents a brief review of the lubrication approximation derived in [14, 13], completed with
the analytical description of the corresponding surface temperature distibution and with further heuristic
extension of the lubrication approximation. The new analytical description resulting in better accuracy is
developed in Section 3. Sec. 4 contains discussion of the obtained analytical and numerical results.
2. The lubrication approximation
The lubrication approximation for an evaporating droplet of capillary size was derived in [14, 13]. The
derivation includes three basic assumptions which are justified for θ ≪ 1:
a) The radial velocity ur(z) at each value of r has a quadratic dependence on z.
b) The droplet free surface is approximated as a parabola h(r˜, t) = h(0, t)(1− r˜2), where r˜ = r/R.
c) The total shear stress at the droplet free surface is approximated by the rz-component of the stress
tensor.
Consider an axially symmetrical column in the droplet (see Fig. 1a). The mass balance equation states
that the rate of mass change in the given volume element is equal to the net flux of mass into the element:
d
dt
(δm) = −
∮
ρu · df , (5)
where the vector df is perpendicular to the surface of the element, its absolute value is equal to the area of
a small part of the boundary of the element, and the amount of mass which evaporates each second from
the surface of the element is assumed to be also properly included in the surface integral in the right-hand
side of (5). An easy consequence of the mass balance equation for the column was obtained in [15]:
ur(r, t) = −
1
ρrh
∫ r
0
dr r

Js(r, t)
√
1 +
(
∂h
∂r
)2
+ ρ
∂h
∂t

 , (6)
where ur(r, t) is a height-averaged velocity in the column. Let r˜ = r/R, z˜ = z/h0, u˜r = urtf/R, u˜z =
uztf/h0, t˜ = t/tf , h˜ = h(r)/h0, Ma = −σ′T∆T tf/(ηR), J˜ = −J0/ρh˙0. Substituting in (6) the free
surface of the droplet as a parabola h(r, t) = h0(t)(1 − r˜2) and the corresponding relations dh0/dt =
2(dm/dt)/(ρpiR2) ≈ h0/(t− tf ), dm/dt = piJ0R2/(1− λ), Hu and Larson obtained in [14] the relation
urtf
R
=
1
4r˜
1
1− t˜
(
(1− r˜2)−λ − (1− r˜2)
)
. (7)
This relation for the height-averaged velocity in evaporating droplets with relatively small contact angles
is the basis for the lubrication approximation for the droplets. Using the above assumptions a), b), c) and
Eq. (7), Hu and Larson derived the main lubrication equation for ur, which takes the form
u˜r =
3
8
1
1− t˜
1
r˜
[
(1− r˜2)− (1− r˜2)−λ
]( z˜2
h˜2
− 2 z˜
h˜
)
+
[
r˜h20h˜
R2
(
J˜λ(1 − r˜2)−λ−1 + 1
)
+
Mah0h˜
2R
dT˜
dr˜
](
z˜
h˜
− 3
2
z˜2
h˜2
)
(8)
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and implies h˜(r˜, t˜) = h˜0(t˜)(1 − r˜2). As seen, u˜r(r˜, z˜) is the quadratic function of z˜ that can be considered
as a result of expansion in powers of small parameter z˜ for droplets with small contact angles. Eq. (8) is
applicable for arbitrary function T (r) and at the same time it coincides with Eq. (28) in [13] provided that
the surface temperature distribution is described by Eq. (4).
The final step of the derivation in [14, 13] is to find u˜z using the obtained u˜r and the continuity equation
for the incompressible fluid. Here we represent the result in the form
u˜z =
3
4
1
1− t˜
(
1 + λ(1 − r˜2)−1−λ
)( z˜3
3h˜2
− z˜
2
h˜
)
− 3
4
1
1− t˜
[
(1 − r˜2)− (1 − r˜2)−λ
] ( z˜2
2h˜2
− z˜
3
3h˜3
)
1
r˜
∂h˜
∂r˜
−
− h
2
0
R2
(
J˜λ(1 − r˜2)−λ−1 + 1
)(
z˜2 − z˜
3
h˜
)
− r˜
2h20
R2
J˜λ(λ + 1)(1− r˜2)−2−λ
(
z˜2 − z˜
3
h˜
)
−
− r˜h
2
0
R2
(
J˜λ(1 − r˜2)−λ−1 + 1
) z˜3
2h˜2
∂h˜
∂r˜
− Mah0
4R
(
d2T˜
dr˜2
+
1
r˜
dT˜
dr˜
)(
z˜2 − z˜
3
h˜
)
− Mah0
4R
dT˜
dr˜
z˜3
h˜2
∂h˜
∂r˜
. (9)
Substituting h˜(r˜, t˜) = h˜0(t˜)(1 − r˜2) and (4) in Eq. (9), one obtains Eq. (29) in [13]. The assumption
h˜(r˜, t) = h˜0(t)(1 − r˜2) is inherent to the lubrication approximation and, in particular, to Eq. (7) above and
to Eqs. (28) and (29) in [13].
The temperature distribution can be obtained analytically for θ ≪ 1. Indeed, the boundary conditions
for the temperature distribution take the form ∂T/∂r = 0 for r = 0; T = T0 for z = 0; ∂T/∂n = −LJs(r)/k
at the drop surface. In particular, for r = 0 we have (∂T/∂z)r=0 = −LJ0/k = −∆T/h0, therefore,
∆T = LJ0h0/k. For small contact angles one can approximate the boundary condition at the surface as
∂T/∂z = −LJs(r)/k. Therefore, using (1) and (3), one obtains the surface temperature distribution:
T
∆T
=
T0
∆T
− LJs(r)h(r)
k∆T
=
T0
∆T
− Js(r)h(r)
J0h0
=
T0
∆T
−
(
1− r
2
R2
)1/2+θ/pi
. (10)
For small contact angles the rate of mass loss is −dm/dt = −ρpiR3θ′(t)/4 = 2piJ0(θ)R2, hence one can
estimate J0 and ∆T as follows: J0(θ) = −ρRθ′(t)/8 and ∆T = LJ0h0/k = −ρR2θθ′(t)L/(16k). Eq. (10)
obtained here agrees well with the numerical simulations for small contact angles.
The main purpose of this work is to develop analytical description of fluid flows in an evaporating droplet
in a wide range of contact angles. As a first step, we will test the heuristic extension of the lubrication
approximation, substituting in Eqs. (8) and (9) the functions h˜(r˜) and ∂h˜/∂r˜, which are obtained from (1),
i.e., which correspond to the spherical cap profile of the sessile drop. The equations were written in the
form of Eqs. (8) and (9) in order to represent heuristic description for larger contact angles, where h(r)
is substantially nonparabolic. This improves the accuracy for larger contact angles, without changing the
solution for small contact angles. We note that the continuity equation is precisely satisfied for arbitrary
h(r) and T (r), if u˜r and u˜z are represented in the form (8), (9), as opposed to the original form of lubrication
equations, where the continuity equation is satisfied for small contact angles. We formulate and use the
heuristic extension to larger contact angles for comparison with more consistent results obtained in this
work.
3. Derivation of the description in the nτ -coordinate system
In this section the analytical approach for calculating the fluid velocities in an evaporating droplet will
be consistently and explicitly developed without using the assumptions a), b), c) of Section 2. The boundary
conditions at the droplet surface will be considered assuming its spherical profile.
Consider the spherical nτ -coordinate system, where n is the distance between a point inside the droplet
and the center of the sphere which contains the droplet surface, φ is the azimuthal angle, and τ = nφ (see
Fig. 1b). The notation was taken to emphasize that the coordinates correspond to the normal and tangential
directions to the droplet surface. Therefore, at the substrate we have n = n1 = R cot θ/ cosφ, and at the
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droplet surface we have n = n2 = R/ sin θ. The nτ -coordinates are connected with the cylindrical rz-
coordinates via the following relations: r = n sinφ; z = n cosφ−R cot θ; n =
√
r2 + (z +R cot θ)2; τ = nφ;
φ = arcsin(r/n). Here θ is the contact angle, therefore φ ≤ θ for arbitrary point inside the droplet.
The total mass of the shaded element in Fig. 1b is
δm = ρ
∫ n2
n1
2pir(n)dτ(n)dn = 2piρ
∫ n2
n1
(n sinφ)(ndφ)dn =
2
3
piρ
R3 sinφ · dφ
sin3 θ(t)
(
1− cos
3 θ(t)
cos3 φ
)
. (11)
The volume element is characterized by a fixed value of φ, while the center of the sphere is moving in a
downward direction during the evaporation process. Therefore, the element is also moving and the velocity
of the element is −Rθ′(t) sinφ/ sin2 θ. It follows from the mass balance equation (5) for the element that
d
dt
(δm) = −Js(τ, t) · 2pi(n2 sinφ)dτ − 2piρ · dφ
d
dφ
(
sinφ
∫ n2
n1
n
(
uτ +
Rθ′(t) sinφ
sin2 θ
)
dn
)
, (12)
where Js can be obtained with (3). Hence one obtains the following relation for I(φ) =
∫ n2
n1
nuτdn:
I(φ) =
−R2
sin2 θ sinφ
∫ φ
0
(
J0
ρ
(
1− sin
2 φ
sin2 θ
)−λ
+
R cos θ · θ′(t)
sin2 θ
(
cos θ
cos3 φ
− 1
))
sinφ·dφ−R
3θ′(t) sinφ
2 sin4 θ
(
1− cos
2 θ
cos2 φ
)
.
(13)
Here one can use the approximation θ′(t) ≈ θ/tf , where tf (t) is remaining time of evaporation. Indeed,
the contact angle diminishes almost linearly with time during the evaporation process [12]. Eq. (13) results
in the singularity in uτ at the contact line, where n1(φ) → n2, which is a consequence of the singularity
in evaporation rate at the contact line. Similar singularity problems are known for all known analytical
models. In particular, the singularity enters Eqs. (6)–(9). The singularity can be regularized by introducing
a disjoining pressure and/or precursor film [18, 19], by introducing a Navier slip [20, 19, 21] or by taking
into account the Kelvin effect [22, 23]. The singularity influences the velocity field only in a small vicinity
of the contact line and its detailed discussion is beyond the scope of the present paper.
At the droplet surface we have the following boundary condition (see Appendix B in [12]):
dσ
ηdτ
= −Ma cosφ
tf
dT˜
dr˜
=
∂uτ
∂n
+
∂un
∂τ
− uτ
dφ
dτ
. (14)
This very important boundary condition takes into account Marangoni forces associated with the temper-
ature dependence of the surface tension, which generate fluid convection in the sessile drop. Additional
condition at the droplet surface can be derived from the continuity equation:
un
cosφ
= ur tanφ+ uz = −urh′(r) −
1
r
∫ h(r)
0
∂(rur)
∂r
dz = −1
r
∂(rhur)
∂r
, (15)
hence, using the relation (6), one obtains at the droplet surface
un =
∂h(r, t)
∂t
cosφ+
J0(θ)
ρ
(
1− sin
2 φ
sin2 θ
)−λ(θ)
. (16)
Substituting (1) in (16), one gets
un =
R(cosφ− cos θ)θ′(t)
sin2 θ
+
J0
ρ
(
1− sin
2 φ
sin2 θ
)−λ
, (17)
∂un
∂τ
=
sin θ
R
∂un
∂φ
=
sinφ
R sin θ
(
2J0λ cosφ
ρ
(
1− sin
2 φ
sin2 θ
)−λ−1
−Rθ′(t)
)
. (18)
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We will use the following approximation for uτ :
uτ (n, φ) = (n− n1)p(φ)A(φ) + (n− n1)B(φ). (19)
Here p(φ) is a trial function. The approach reasonably works for various trial functions p(φ). We will
choose p(φ) in Section 4. The coefficient functions A(φ) and B(φ) will be specified based on the boundary
condition (14) and the mass balance relation (13). Eq. (19) automatically satisfies the no-slip boundary
condition at the substrate and, at the same time, allows the existence of a single vortex in a droplet.
Using (19), Eq. (14) can be rewritten as
A(φ)(n2 − n1)p(φ)−1
(
p(φ)− 1 + n1
n2
)
+B(φ)
n1
n2
+
∂un
∂τ
+
Ma cosφ
tf
dT˜
dr˜
= 0, (20)
where the right side of (18) can be used instead of ∂un/∂τ .
Eq. (13) gives the second linear relationship between A(φ) and B(φ):
A(φ)
(p+ 1)(p+ 2)
(n2 − n1)p+1(n2(p+ 1) + n1) +
1
6
B(φ)(n2 − n1)2(n1 + 2n2) = I(φ). (21)
We note that the integral in the right side of (13) can be obtained exactly, because∫ φ
0
sinφ
(
cos θ
cos3 φ
− 1
)
dφ = cosφ− 1 + 1
2
cos θ tan2 φ, (22)
∫
sinφ
(
1− sin
2 φ
sin2 θ
)−λ
dφ = (cos θ + cosφ)
(
1− sin
2 φ
sin2 θ
)−λ
2F1
(
1, λ; 2λ;
2 cos θ
cos θ − cosφ
)
Γ(2λ− 1)
Γ(2λ)
+ C,
(23)
where 2F1(a, b; c; z) is the hypergeometric function and Γ(z) is the gamma function. Therefore,
I(φ) =
−R2J0
ρ sin2 θ sinφ
(cos θ + cosφ)
(
1− sin
2 φ
sin2 θ
)−λ
2F1
(
1, λ; 2λ;
2 cos θ
cos θ − cosφ
)
Γ(2λ− 1)
Γ(2λ)
+
+
R2J0(cos θ + 1)
ρ sin2 θ sinφ
2F1
(
1, λ; 2λ;
2 cos θ
cos θ − 1
)
Γ(2λ− 1)
Γ(2λ)
+
R3 cos θ · θ′(t)
sin4 θ sinφ
(
1− cosφ− sin
2 φ
2 cos θ
)
. (24)
The quantity I(φ) is typically negligibly small. In particular, it is negligibly small for all droplets
considered in Table 1 and I(φ) = 0 can be used in order to simplify the equations, because the evaporative-
driven flows and the flows due to the nonzero value of θ′(t) are tiny compared to the flow due to the
Marangoni forces. The calculations confirm that for describing the Marangoni convection, the value of I(φ)
could be replaced by zero almost without losing the accuracy. The quantity I(φ) and Eq. (24) could play an
important role for describing the evaporative-driven flows in other situations, when the Marangoni forces are
suppressed. For this reason, we will retain the quantity I in the formulae. The calculations also show that
the effect of nonzero un and ∂un/∂τ on the fluid flows (see Eqs.(17) and (18)) is quite small compared to the
effect of Marangoni forces. Hence ∂un/∂τ = 0 can be used in order to further simplify the equations. Still,
we will retain ∂un/∂τ in the formulae, because it could possibly be useful in situations involving extremely
volatile liquids and a very fast evaporation.
Eqs. (20),(21) are the system of two linear relationships between A(φ) and B(φ). The solution is:
A = −
(−n1 + n2)−1−p(1 + p)(2 + p)
((
6In1 +
∂un
∂τ (n1 − n2)2n2(n1 + 2n2)
)
tf +
∂T˜
∂r˜Ma(n1 − n2)2n2(n1 + 2n2) cosφ
)
(p− 1) (2n22(p+ 1)(p+ 2) + n21(p+ 4) + n1n2(p+ 1)(p+ 4)) tf
,
(25)
B =
6
(
I(p+ 1)(p+ 2)(n1 + n2(p− 1))tf + (n1 − n2)2n2(n1 + n2(p+ 1))((∂un/∂τ)tf + (∂T˜ /∂r˜)Ma cosφ)
)
(n1 − n2)2(p− 1) (2n22(p+ 1)(p+ 2) + n21(p+ 4) + n1n2(p+ 1)(p+ 4)) tf
.
(26)
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In order to complete the approximate analytical description of the velocity field, we need to obtain un(n, φ)
inside the droplet. The continuity equation for the incompressible fluid divu = 0 takes the following form
in the nτ -coordinate system:
∂un
∂n
+
2un
n
+
∂uτ
∂τ
+
cotφ
n
uτ = 0. (27)
Therefore,
1
n
∂(n2un(n, φ))
∂n
= −∂uτ
∂φ
− uτ cotφ = −A′(φ)(n − n1)p(φ) −B′(φ)(n − n1)+
+B(φ)(n′1(φ)−(n−n1) cotφ)+A(φ)p(φ)n′1(φ)(n−n1)p(φ)−1−A(φ)(n−n1)p(φ)(p′(φ) log(n−n1)+cotφ),
(28)
un(n, φ) = −
A′(φ)(n − n1)p+1
n2
n1 + np+ n
(p+ 1)(p+ 2)
− B
′(φ)
6n2
(n− n1)2(n1 + 2n) +
B(φ)
2n2
(n2 − n21)n′1(φ)−
−B(φ)(2n+ n1)(n− n1)
2 cotφ
6n2
+
A(φ)(pn+ n1)(n− n1)pn′1(φ)
(p+ 1)n2
− A(φ) cotφ
(p+ 1)(p+ 2)
(n1 + np+ n)(n− n1)p+1
n2
+
+
A(φ)p′(φ)(n− n1)p+1
n2
(
n
(p+ 2)2
+
n1(2p+ 3)
(p+ 1)2(p+ 2)2
− (n+ n1 + np) log(n− n1)
(p+ 1)(p+ 2)
)
. (29)
Therefore, we have obtained the velocity field in the droplet: uτ and un are defined by (19) and (29), where
A(φ) and B(φ) are determined by (25) and (26). The velocities in the cylindrical rz-coordinate system can
be obtained from the known values of un and uτ with the following relations:
ur(r, z) = uτ (n, φ) cosφ+ un(n, φ) sin φ, (30)
uz(r, z) = −uτ (n, φ) sinφ+ un(n, φ) cosφ, (31)
where n =
√
r2 + (z +R cot θ)2 and φ = arcsin(r/n).
There is also an analytical estimate for the surface temperature distribution. Consider the circular arc
intersecting orthogonally both the droplet surface and the substrate. Its length is d(r) = h(r)φ/ sin φ.
Assuming a constant value of the temperature gradient along the arc, we obtain an approximation for the
surface temperature distribution:
T
∆T
=
T0
∆T
− LJs(r)d(r)
k∆T
=
T0
∆T
−
(
1− r
2
R2
)−1/2+θ/pi
cosφ− cos θ
1− cos θ
φ
sinφ
. (32)
We find reasonably good agreement between the approximate relation (32) and our numerical results for the
surface temperature distribution. In the limiting case θ ≪ 1 Eq.(32) coincides with (10).
4. Numerical results and discussion
Table 1 shows the parameter values that were used in the calculations. The fluid and vapor properties
were taken from [17]. Table 2 shows the contact angle, contact line radius and fitting parameters corre-
sponding to Eq. (4) for the 25 droplets. For each droplet, we have c = T0/∆T − 1, and the value of a is
obtained with the least squares fit for a given values of b and c. The parameter b is an integer which is
chosen to give the minimal value of the numerically obtained integral
∫ 1
0
(
T (r˜)
∆T
− (ar˜b + (1− a)r˜2 + c)
)2
dr˜, (33)
where the surface temperature distribution of the drop T (r˜) is obtained numerically under the time indepen-
dent conditions. The boundary conditions for the stationary equation ∆T = 0, which is numerically solved
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Figure 2: The function p(φ), which results in a best fit between Eq.(19) and numerically obtained tangential velocity. Here
x-axis corresponds to φ/θ, where θ = 50◦ is the droplet contact angle. Red curve corresponds to the ethanol droplet, blue
curve corresponds to the hexanol droplet. Using the shown values of p(φ), the numerical plots of uτ (n) for each φ are visually
indistinguishable from their best fit with Eq. (19). Green curve shows the plot of Eq. (34).
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inside the drop, take the form ∂T/∂r = 0 for r = 0; T = T0 for z = 0; ∂T/∂n = −LJs(r)/k at the drop sur-
face. Here n is a normal vector to the drop surface, Js is determined by (2), other notations are explained in
Table 1. The results in Table 2 are obtained using the boundary condition T = T0 for z = 0, which assumes
high thermal conductivity of the substrate. High thermal conductivity of the substrate, generally, results in
a single-vortex fluid flow in the droplet, while other convective regimes are also known, where the thermal
conduction inside the substrate is important and should be taken into account [30, 31, 32, 33].
The numerical results show that the power exponent p(φ) in Eq. (19) is, generally, between 1.5 and
3.5. Some of such numerical results for p(φ) are shown in Fig. 2. The numerically obtained tangential
velocities uτ (n, φ) are best fitted with Eq. (19) with the power exponents shown in Fig. 2, where the red
curve corresponds to the ethanol droplet and the blue curve corresponds to the hexanol droplet. Using these
values of p(φ), the numerical plots of uτ (n) for each φ are visually indistinguishable from their best fit with
Eq. (19). Thus, using Eq. (19) with p(φ) between 1.5 and 3.5 gives reasonably accurate description of uτ (n)
even for relatively complex single-vortex fluid flows.
Taking the trail function p(φ) = 2 already allows to achieve a reasonable accuracy in describing the
velocity field in various droplets. In order to choose the trial function closer to its actual behavior, such as
shown in Fig. 2, we have specified the trial function p(φ) to take the form
p(φ) =


2, for φ/θ ≤ 1/2,
2 + 4δ/pi (1− cos (pi (φ/θ − 1/2) /(2δ))), for 1/2 < φ/θ ≤ 1/2 + δ,
1 + 2φ/θ − 2(1− 2/pi)δ, for φ/θ > 1/2 + δ,
(34)
where δ = 10−2. Plot of Eq. (34) is shown as a green curve in Fig. 2. This function is equal to 2 for φ ≤ θ/2,
it smoothly changes from 2 to 3 when φ changes from θ/2 to θ and its derivative is continuous. We note
that the function p(φ) does not depend on the contact angle or the liquid properties.
The numerical simulation for the fluid flows was carried out with the method described in [12], where the
droplet surface was considered to be fixed, the surface temperature was taken in accordance with Table 2
and Eq. (4), and the heat convection was switched off. Although the inverse Stanton number for many
of the considered droplets is quite large, we switch off the heat convection, since all the three approaches
obviously do not take into account such effects. Among the droplets considered, the inverse Stanton number
is sufficiently small for a hexanol droplet with a contact angle 20◦. It will also be small for droplets of
a smaller size. During the numerical calculation, the array of velocity values is obtained from the stream
function [12] using the relations
vr(i, j) =
ψi,j+1 − ψi,j
ihxhy
, vz(i, j) =
ψi,j − ψi+1,j
(i+ 1/2)hxhx
. (35)
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Figure 3: The surface velocity (cm/s) vs r (cm) for the hexanol droplet with a) θ = 50◦ and b) θ = 20◦. Blue curve
is the numerically obtained surface velocity. Green curve: the surface velocity in the heuristic extension of the lubrication
approximation. Purple curve: the surface velocity in the nτ -description derived in Sec. 3. Right panel: color scale for Figs. 4
and 6, where the values umax are given in Table 3.
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Figure 4: Vector field plots of the velocity field containing single vortex for the hexanol droplet with θ = 50◦: numerically
obtained velocity field, the velocity field in the heuristic extension of the lubrication approximation and in the nτ -description.
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Therefore, we will estimate the deviation of the numerical velocity field from the analytically obtained
velocity field using the following mean-square deviations:
σr =
1
N
√√√√N−1∑
i,j=0
(vr(i, j)− ur (ihx, (j + 1/2)hy))2, (36)
σz =
1
N
√√√√N−1∑
i,j=0
(vz(i, j)− uz ((i+ 1/2)hx, jhy))2. (37)
Here N = 200 is the mesh size, hx = R/N , hy = h/N . One more characteristic value of the velocity field
is umax, the absolute value of maximal velocity at the surface of the droplet. Tables 3 and 4 show umax
obtained with numerical simulation, with heuristic extension of the lubrication approximation, and with the
two versions of the nτ -approximation which employ p(φ) = 2 and p(φ) taken from Eq. (34) correspondingly.
The tables also show the values of σr and σz for the analytical descriptions. Table 4 contains the results
for the droplet of 2-propanol, where the size of the droplet is varied. Also, table 4 contains the comparison
of analytical and numerical results for the droplet of virtual liquid with variable viscosity, where all other
characteristics coincide with those of 2-propanol.
Table 3 and Figs. 3b and 5b show for the case θ < 30◦, when the droplets are relatively flat, that all
the three approximate analytical descriptions, including the lubrication approximation, agree well with the
numerically obtained velocity field, though the nτ -approach with Eq. (34) is the most precise.
For large contact angles, Table 3 shows that the accuracy of the nτ -description exceeds that of the
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Figure 5: The surface velocity (cm/s) vs r (cm) for the toluene droplet. Left panel: θ = 50◦, right panel: θ = 20◦. Blue curve
is the numerically obtained surface velocity, which shows the “bottleneck effect” arising in the numerical results only when the
Marangoni number exceeds 3000. Green curve: the surface velocity in the heuristic extension of the lubrication approximation.
Purple curve: the surface velocity in the nτ -description derived in Sec. 3.
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Figure 6: Vector field plots of the velocity field containing single vortex for the toluene droplet with θ = 50◦: numerically
obtained velocity field, which shows the “bottleneck effect” arising in the numerical results only when the Marangoni number
exceeds 3000, the velocity field in the heuristic extension of the lubrication approximation and in the nτ -description.
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heuristic extension of lubrication approximation by a factor of about 1.5, and also the nτ -description results
in a much more precise value of the maximal surface velocity umax. The heuristic extension of the lubrication
approximation still works within 15–30 per cent for droplets with large contact angles, where the assumptions
a), b) and c) of Sec 2 are not justified.
The droplets under consideration have a wide spread of values of the Marangoni number M˜a = −σ′T cV∆Tρh/(ηk),
starting from 10 for the droplet of 1-hexanol, up to 3450 for the toluene droplet. For droplets of toluene,
propanol, octane and ethanol, the droplet size is much smaller than the Marangoni cell size [24, 12] on the
flat fluid film containing the same liquid of the same height, while for droplets of butanol and hexanol, the
droplet size and the Marangoni cell size are of the same order.
The comparison shows that the discrepancy between the numerical results and the analytical descriptions
is considerably large only for droplets with huge Marangoni numbers and, therefore, large contact angles.
Numerical results show that when the Marangoni number exceeds 3000, the “bottleneck effect” will take
place. This means that the vortex center becomes sufficiently close to the symmetry axis due to large
Marangoni forces. This results in substantial increase of downward velocities along the symmetry axis. This
is shown in Figs. 5a and 6a, where the color scale for vector field plots is shown in Fig. 3c and the values umax
are given in Table 3. Evidently, such an effect cannot be quantitatively described without employing the
Navier–Stokes equations and without taking into account the convective heat transfer. Also, it seems very
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probable that for such huge Marangoni numbers, Marangoni forces would rather destroy the axial symmetry
of the droplet, which would result in a more complicated three-dimensional velocity field. We observed
the “bottleneck effect” only for the large droplet of toluene and for the large droplet of virtual liquid with
viscosity in 4 or 8 times smaller than that of 2-propanol (see the fourth and fifth rows in Table 4). For other
droplets there is no “bottleneck effect”. For example, Figs. 3 and 4 show the velocity field for the droplet of
1-hexanol. The velocity fields for all other droplets with contact angles 50◦ and 20◦ are very similar to those
shown in Figs. 3 and 4. Thus, the numerical results for axially symmetrical velocity field demonstrate a
large discrepancy with the analytical description only when the Marangoni and the inverse Stanton number
are sufficiently large, while the results are applicable when St−1 ≪ 1.
5. Conclusion
A comparatively simple and detailed description of the single vortex fluid flows, which ensures a good
accuracy when the inverse Stanton number is much smaller than unity, has been developed for an axially
symmetrical evaporating sessile drops of capillary size. The results have been tested and compared with the
data of numerical simulations for droplets of various liquids and for a wide range of contact angles. The
approach analytically addresses the boundary conditions and the mass balance equations making a simple
assumption regarding tangential velocity field, without explicitly solving the Navier–Stokes equations. The
results obtained signify that the boundary conditions and the mass balance equations dominate in the
formation of the single vortex convection inside the droplet.
The author thanks R.G. Larson and Wei Chen for useful discussions. The simulations were partially
carried out using facilities of the Supercomputing Center of Lomonosov Moscow State University [35]. The
results in Secs. 3, 4 were supported by the Russian Science Foundation project No. 14-21-00158.
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Table 1: The parameter values used in the calculations.
toluene ethanol 2-propanol octane 1-butanol 1-hexanol
Droplet Initial temperature T0 K 293.15 293.15 293.15 293.15 293.15 293.15
Contact line radius R cm 0.2 0.154 0.168 0.175 0.157 0.155
Fluid Density ρ g/cm3 0.87 0.789 0.786 0.703 0.8098 0.8136
Molar mass µ g/mole 92.14 46.07 60.1 114.23 74.122 102.17
Thermal conductivity k W/(cm· K) 1.311 · 10−3 1.69 · 10−3 1.35 · 10−3 1.28 · 10−3 1.54 · 10−3 1.50 · 10−3
Heat capacity cp J/(mole K) 156.7 112.3 156.5 254.6 177.2 240.4
Isochoric heat capacity cv J/(g K) 1.286 1.787 1.931 1.791 1.83 1.889
Thermal diffusivity κ cm2/s 8.86 · 10−4 8.79 · 10−4 6.60 · 10−4 8.17 · 10−4 7.95 · 10−4 7.84 · 10−4
Dynamic viscosity η g/(cm· s) 5.6 · 10−3 1.074 · 10−2 2.038 · 10−2 5.08 · 10−3 2.544 · 10−2 4.578 · 10−2
Surface tension σ g/s2 28.3049 21.97 20.93 21.14 24.93 25.81
−∂(surface tension)/∂T −σ′T g/(s
2
· K) 0.1189 0.0832 0.0788 0.095 0.0898 0.08
Latent heat of evap. L J/g 300.0 918.6 755.2 363.2 706.27 603.0
Vapor Diffusion constant D cm2/s 0.1449 0.1181 0.1013 0.0616 0.0861 0.0621
Saturated vapor density us g/cm
3 1.27 · 10−4 1.46 · 10−4 1.38 · 10−4 8.57 · 10−5 2.76 · 10−5 6.55 · 10−6
Local evap. rate at apex J0 g/(cm
2
· s) 9.2 · 10−5 1.12 · 10−4 8.2 · 10−5 2.9 · 10−5 1.55 · 10−5 2.7 · 10−6
Table 2: Fitting parameters for calculation of surface temperature.
θ R, cm ∆T , K a b c
1-butanol 50◦ 0.157 0.529506 0.3793 10 552.629
1-butanol 20◦ 0.157 0.154023 0.324516 15 1902.29
ethanol 50◦ 0.154 4.55357 0.379299 10 63.3781
ethanol 20◦ 0.154 1.32454 0.324514 15 220.321
octane 50◦ 0.175 0.727793 0.379299 10 401.793
octane 20◦ 0.175 0.2117 0.324512 15 1383.74
2-propanol 50◦ 0.168 3.7995 0.379299 10 76.1549
2-propanol 20◦ 0.168 1.1052 0.324514 15 264.246
toluene 50◦ 0.2 2.04597 0.379299 10 142.281
toluene 20◦ 0.2 0.595135 0.324515 15 491.577
1-hexanol 10◦ 0.155 0.010597 0.29475 24 27662.5
1-hexanol 15◦ 0.155 0.016353 0.337253 16 17925.4
1-hexanol 20◦ 0.155 0.023109 0.324521 15 12684.5
1-hexanol 25◦ 0.155 0.030568 0.317682 14 9589.09
1-hexanol 30◦ 0.155 0.038757 0.317114 13 7562.79
1-hexanol 35◦ 0.155 0.047704 0.323616 12 6144.19
1-hexanol 40◦ 0.155 0.057442 0.337952 11 5102.41
1-hexanol 45◦ 0.155 0.068007 0.3489 11 4309.59
1-hexanol 50◦ 0.155 0.079445 0.379306 10 3688.97
1-hexanol 55◦ 0.155 0.091807 0.403695 10 3192.11
1-hexanol 60◦ 0.155 0.105159 0.434731 10 2786.68
2-propanol 50◦ 0.1 3.7995 0.379299 10 76.1549
2-propanol 50◦ 0.05 3.7995 0.379299 10 76.1549
2-propanol 50◦ 0.02 3.7995 0.379299 10 76.1549
2-propanol 50◦ 0.01 3.7995 0.379299 10 76.1549
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Table 3: Accuracy of the analytical descriptions. The values of umax, σr and σz are in cm/s.
θ Numerical Lubrication nτ , p = 2 nτ , (34) Lubrication nτ , p = 2 nτ , (34)
umax umax umax umax σr σz σr σz σr σz
1-butanol 50◦ 0.12 0.18 0.14 0.122 0.0098 0.0064 0.0092 0.0054 0.0077 0.0047
1-butanol 20◦ 0.0123 0.0129 0.0127 0.0124 8.7 · 10−4 1.9 · 10−4 8.5 · 10−4 1.9 · 10−4 8.3 · 10−4 1.8 · 10−4
ethanol 50◦ 2.29 3.43 2.64 2.31 0.221 0.189 0.187 0.135 0.160 0.122
ethanol 20◦ 0.232 0.244 0.240 0.234 0.017 0.0037 0.0162 0.0036 0.016 0.0034
octane 50◦ 0.876 1.324 1.017 0.889 0.0812 0.065 0.070 0.046 0.059 0.040
octane 20◦ 0.089 0.094 0.093 0.090 0.0064 0.0014 0.0063 0.0014 0.0061 0.0013
2-propanol 50◦ 0.929 1.429 1.098 0.960 0.078 0.053 0.0716 0.0409 0.060 0.035
2-propanol 20◦ 0.097 0.101 0.100 0.098 0.0069 0.0015 0.0068 0.0015 0.0066 0.0014
toluene 50◦ 3.14 4.23 3.25 2.84 0.49 0.62 0.43 0.55 0.41 0.54
toluene 20◦ 0.285 0.300 0.295 0.288 0.020 0.0046 0.020 0.0044 0.019 0.0042
1-hexanol 10◦ 2.2 · 10−4 2.2 · 10−4 2.2 · 10−4 2.2 · 10−4 1.5 · 10−5 1.5 · 10−6 1.5 · 10−5 1.5 · 10−6 1.4 · 10−5 1.5 · 10−6
1-hexanol 15◦ 4.7 · 10−4 4.9 · 10−4 4.8 · 10−4 4.7 · 10−4 3.4 · 10−5 5.5 · 10−6 3.4 · 10−5 5.4 · 10−6 3.3 · 10−5 5.2 · 10−6
1-hexanol 20◦ 9.1 · 10−4 9.6 · 10−4 9.4 · 10−4 9.2 · 10−4 6.5 · 10−5 1.4 · 10−5 6.4 · 10−5 1.4 · 10−5 6.2 · 10−5 1.3 · 10−5
1-hexanol 25◦ 1.54 · 10−3 1.64 · 10−3 1.6 · 10−3 1.57 · 10−3 1.1 · 10−4 3.1 · 10−5 1.1 · 10−4 3.0 · 10−5 1.1 · 10−4 2.9 · 10−5
1-hexanol 30◦ 2.4 · 10−3 2.6 · 10−3 2.5 · 10−3 2.4 · 10−3 1.8 · 10−4 6.0 · 10−5 1.7 · 10−4 5.6 · 10−5 1.6 · 10−4 5.3 · 10−5
1-hexanol 35◦ 3.5 · 10−3 4.0 · 10−3 3.7 · 10−3 3.6 · 10−3 2.6 · 10−4 1.1 · 10−4 2.5 · 10−4 9.8 · 10−5 2.3 · 10−4 9.2 · 10−5
1-hexanol 40◦ 4.8 · 10−3 6.2 · 10−3 5.3 · 10−3 4.9 · 10−3 3.8 · 10−4 1.8 · 10−4 3.6 · 10−4 1.6 · 10−4 3.3 · 10−4 1.5 · 10−4
1-hexanol 45◦ 6.5 · 10−3 9.0 · 10−3 7.3 · 10−3 6.7 · 10−3 5.2 · 10−4 2.9 · 10−4 4.9 · 10−4 2.5 · 10−4 4.3 · 10−4 2.3 · 10−4
1-hexanol 50◦ 8.73 · 10−3 1.35 · 10−2 1.0 · 10−2 9.07 · 10−3 7.3 · 10−4 4.7 · 10−4 6.9 · 10−4 4.0 · 10−4 5.8 · 10−4 3.5 · 10−4
1-hexanol 55◦ 1.1 · 10−2 2.0 · 10−2 1.4 · 10−2 1.2 · 10−2 9.8 · 10−4 7.4 · 10−4 9.6 · 10−4 6.2 · 10−4 7.5 · 10−4 5.2 · 10−4
1-hexanol 60◦ 1.5 · 10−2 2.9 · 10−2 1.9 · 10−2 1.7 · 10−2 1.3 · 10−3 1.1 · 10−3 1.4 · 10−3 9.5 · 10−4 1.0 · 10−3 7.7 · 10−4
Table 4: Accuracy of the analytical descriptions. Dependence on the viscosity and on the contact line radius. The values of
umax, σr and σz are in cm/s.
θ R, cm η/η0 Numerical Lubrication nτ , p = 2 nτ , (34) Lubrication nτ , p = 2 nτ , (34)
umax umax umax umax σr σz σr σz σr σz
2-propanol 50◦ 0.168 2 0.46 0.71 0.55 0.48 0.039 0.025 0.036 0.021 0.030 0.018
2-propanol 50◦ 0.168 1 0.929 1.429 1.098 0.960 0.078 0.053 0.072 0.041 0.060 0.035
2-propanol 50◦ 0.168 0.5 1.90 2.86 2.20 1.92 0.182 0.153 0.154 0.109 0.131 0.097
2-propanol 50◦ 0.168 0.25 4.31 5.72 4.39 3.84 0.70 0.90 0.622 0.807 0.59 0.79
2-propanol 50◦ 0.168 0.125 8.23 11.43 8.78 7.68 1.70 2.35 1.567 2.190 1.49 2.16
2-propanol 50◦ 0.1 1 0.93 1.43 1.098 0.96 0.078 0.052 0.072 0.041 0.060 0.035
2-propanol 50◦ 0.05 1 0.92 1.43 1.098 0.96 0.077 0.051 0.072 0.042 0.060 0.036
2-propanol 50◦ 0.02 1 0.92 1.43 1.098 0.96 0.077 0.050 0.072 0.042 0.061 0.037
2-propanol 50◦ 0.01 1 0.92 1.42 1.098 0.96 0.077 0.050 0.072 0.043 0.061 0.037
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